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In this paper, we provide a rigorous quantum mechanical derivation for the coherent photon
transport characteristics of a two-level atom coupled to a waveguide without linearizing the coupling
coefficient between the light and the atom. We propose a novel single frequency sampling method
utilizing a UV-cutoff that allows us to treat the singularities in real space scattering potential
despite the non-convergence property. We also study the conditions under which the linearization
of the coupling coefficient is an accurate assumption and find the resulting spontaneous emission
and transport characteristics taking the radiative and non-radiative decay rates into account. This
allows us to confirm and expand on the findings of the existing literature while obtaining the dynamic
electronic polarizability for the two-level atom confined to a 1-D waveguide while using an interaction
Hamiltonian with rotating-wave approximation.
I. INTRODUCTION
The potential realizations of light-matter interactions
pave the wave for novel applications in emerging tech-
nologies from quantum information processing to single
atom switches. The studies on two-level atom and pho-
ton interactions lay out the theoretical foundations of
such systems. However, the definition of a two-level sys-
tem is a broad one and the current formalism involves
certain assumptions which, in some cases, restrict the
scope of interactions we can analyse. Under the exist-
ing formalism, the explanation of transport properties
resulting from the spontaneous emission involves assum-
ing that the coupling between the two-level atom and
photon is weak. The accuracy of this assumptions is cur-
rently underexplored and can be questioned for certain
coupling regimes.
The foundations laid out by the existing formalism and
experimental opportunities for the two-level atom and
photon interactions has allowed treating complex sys-
tems (e.g. Ref. [1–14]). The approach proposed in Ref.s
[15, 16] presents a treatment of two-level systems in real
space, while the Dicke–Hamiltonian [17] is transformed
into the real space and used to predict a mirror behavior
of two-level atoms for certain wavelength of light. How-
ever, this predominant approach involves the assumption
that the coupling coefficient Vk is linearized, which leads
to an approximate solution in the weak coupling regime.
It is also shown classically in Ref. [18] that solving
the wave equation for the electric field for a delta-shape
dynamic electronic polarizability a(w) leads to certain
transmission and reflection coefficients which are depen-
dent on the polarizability a(w). An equivalent analogy
can be drawn between the results of the Ref.s [15, 18],
from which the dynamic electronic polarizability of the
two-level atom can be deduced. However, the result-
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ing dynamic electronic polarizability a(w) does not agree
with the Ref. [19]. This stems from the fact that, the
process considered in Ref. [15] requires not an approx-
imate but an exact treatment of the coupling between
light and the two-level atom, without ignoring the rela-
tion between the coupling coefficient and the energy of
the incident photon.
In this paper, we address this need by proposing a rig-
orous quantum mechanical derivation which allows treat-
ment of two-level atoms coupled to a waveguide without
linearizing the coupling coefficient between the light and
the atom. As a proof of concept, we find the dynamic
electronic polarizability of the TLS through a compari-
son with the inhomogenous wave equation.
The first look into the exact treatment of the TLS-
photon interactions reveal that there is an inherent di-
vergency in the coupling coefficient V (k). As one tries
to find the scattering potential V (x) corresponding to
this coupling coefficients, a divergent Fourier transform
calls for a need of UV-cutoff frequency wmax = ~kmax.
Nonetheless, this is not the unique case that nature em-
poses a UV-cutoff [20, 21]. In many practical cases, this
cutoff can be taken as the frequency after which approx-
imations fail. In the case of TLS coupled to a waveguide,
it is natural to impose the cutoff frequency wc of the
waveguide as the maxium frequency wmax attainable by
the photon.
The organization of the paper is as follows: In the next
section, we lay out the foundations of our derivation by
first outlining the existing literature and incorporating a
general scattering potential. We then propose a sampling
method utilizing UV-cutoff that involves expanding our
approach on the treatment of non-convergent scattering
potentials in real space. In Sec. III, we discuss further
characteristics of this system based on the foundations we
propose such as the scattering coefficients, S-matrix and
excitation probability of the two-level atom, and provide
a proof of concept. We also discuss the conditions under
which the linearization assumption is valid. In the final
section, we conclude with final remarks and comments
on future work.
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2FIG. 1: The TLS inside a waveguide upon constant
coherent photon incident from left.
II. FOUNDATIONS
In this section, we lay out the theoretical basis of our
approach by first outlining the preliminaries based on
the existing literature and then proposing a novel sin-
gle freuquency-sampling method utilizing an ultraviolet
cutoff that allows us to treat analytic functions with di-
verging position space components, such as coupling co-
efficient between the two-level system (TLS) and light.
The configuration we study in this paper is depicted in
Fig. 1; where the incident photon direction is shown with
corresponding arrows relative to the TLS.
A. Preliminaries
The departure point of our derivation is the real space
Hamiltonian given in Ref. [15] modified for a general
scattering potential V (x). We carry out calculations with
minimum restrictions for the shape of the scattering po-
tential V (x), which is a consequence of the coupling co-
efficient V (k) =
√
L
2piVk =
√
~wk
4pi0A
d¯ei(θ−kx0) between
the light and the TLS [22]. Here d¯ is the average dipole
moment of the atom, θ is an arbitrary phase, A is the
waveguide area and x0 is the position of the two-level
atom, where the dependency of phase upon position al-
lows one to study atoms in a linear chain [16].
The real space Dicke-Hamiltonian for the photon-two-
level atom system described in Fig. 1 is given as:
Hˆ = −i~vg
∫ ∞
−∞
dx
(
C
†
R(x)
∂
∂x
CR(x)−
∫ ∞
−∞
dxC
†
L(x)
∂
∂x
CL(x)
)
+
∫ ∞
−∞
dx(V (x)(C
†
R(x) + C
†
L(x))S− + V
∗
(x)(CR(x) + CL(x))S+)
+ Eea
†
eae + Eg a
†
gag
(1)
where C†R/L(x) (CR/L(x)) are right/left moving particle
creation (annihilation) operators, Ee and Eg represent
the energy of the excited and ground state of the atom,
respectively, with energy difference Ω = Ee − Eg, S− =
a†gae (S+ = a
†
eag) is the atomic de-excitation (excitation)
operators – i.e. ae/g = |0〉 〈e/g| (a†e/g = |e/g〉 〈0|) is the
annihilation (creation) operator for the excited/ground
state of the atom and V (x) is the scattering potential in
real space between the photon and the two-level atom,
related to the coupling coefficient in continuous k-space,
V (k), as:
V (x) =
1√
2pi
∫ kmax
−kmax
dkV (k)eikx (2)
where we have introduced an ultraviolet cutoff kmax in
order for the Fourier transform to converge. The value of
the cutoff is not of importance as the final results will be
independent. For the most general case, we can assume
that ~kmax ∼ wc, where wc is the cutoff frequency of
the waveguide. For the rest of the article, we shall ana-
lyze the TLS from its comoving reference frame to avoid
any discussion regarding the invariance of the cutoff fre-
quency.
A possible scattering eigenstate for this Hamiltonian is
given by the equation:
|Ek〉 =
∫ ∞
−∞
dx
(
φR(x)C
†
R(x) + φL(x)C
†
L(x)
)
|0,−〉+ ek |0,+〉 (3)
where we denote ek as the probability coefficient
1 for the
excitation of the atom, and φR(x) and φL(x) are the
complex amplitudes of the right and left moving photons,
respectively.
For a photon incident far form the left, φR(x) and
φL(x) are taken as ansatz:
φR(x) = uR(x)e
ikx and φL(x) = uL(x)e
−ikx (4)
where the complex amplitudes take the form shown in
Fig. 1.
Working in Schro¨dinger picture, eigenvalue equation
Hˆ |Ek〉 = Ek |Ek〉 should be satisfied. The states |Ek〉
are said the be energy-eigenstates and diagonalize the
Hamiltonian. After straightforward algebra, we find out
that the energy-eigenstates should satisfy the following
conditions:
(Ω− Ek)ek +
∫ ∞
−∞
dxV ∗(x) (φR(x) + φL(x)) = 0 (5a)
−i~vg ∂uR(x)
∂x
eikx + ekV (x) = 0, (5b)
i~vg
∂uL(x)
∂x
e−ikx + ekV (x) = 0. (5c)
Here, the shape of the scattering potential V (x) is of
significance in order to continue the derivation. With
the introduction of ultraviolett cutoff, the Fourier trans-
form V (x) of the coupling potential V (k) converges and
is sharply peaked at the origin. A sketch of this potential
is given in Fig. 2.
1 We note that this eigenstate is not normalized, however this poses
no problem for our treatment.
3FIG. 2: The scattering potential V (x) computed with
an ultraviolet cutoff kmax.
To evaluate the integral in Eqn. (5a), we express the
wave function in real space as a function of the complex
amplitudes of the right and left moving photons:
ψ(x) = φR(x) + φL(x) (6)
then the integral becomes:
∫ ∞
−∞
dxV
∗
(x)ψ(x) =
1√
2pi
∫ ∞
−∞
∫ kmax
−kmax
dx dk
′
V
∗
(k
′
)e
−ik′x
ψ(x)
=
∫ kmax
−kmax
dk
′
V
∗
(k
′
)
(∫ ∞
−∞
dx
1√
2pi
e
−ik′x
ψ(x)
)
where in the last step we recognize the Fourier component
of the real space wave-function. With the motivation
that we are only interested in its value around x = 0, the
Fourier component ψ¯(k′) can be approximated as:
ψ¯(k′) =
(∫ ∞
−∞
dx
1√
2pi
e−ik
′xψ(x)
)
'
√
2pi
(
1 + t
2
δ(k′ − k) + r
2
δ(k + k′)
)
.
(7)
Here,
√
2pi is imposed in order to fulfill the normaliza-
tion condition. In addition, the delta functions are taken
to be approximations where the modulations away from
the main frequency wk = ~wk is neglected. This approx-
imation can be viewed accurate because the scattering
potential is an even and highly peaked function at ori-
gin, hence the wave-function is assumed to modulate in
a narrow region around the boundary.2
2 The corresponding real space wave function for this Fourier com-
ponent is ψ(x) = 1+t
2
eikx + r
2
e−ikx. Since the potential is even
and highly peaked, one can show that our assumption corre-
sponds to the idea that the wave function changes in a narrow
region near the boundary.
This approximation allows us to obtain the following
relation for the integral in Eq. (5a):∫ ∞
−∞
dxV ∗(x)ψ(x) =
√
pi
2
(1 + r + t)V ∗(k). (8)
This allows us to express the excitation coefficient as:
ek = −
√
pi
2
(1 + r + t)
V ∗(k)
(Ω− Ek) , (9)
In order to solve Eq.s (5b) and (5c), we propose a novel
approach called the “single-frequency sampling method.”
This approach may be of significance for wide range of
applications in information theory and signal processing;
the details are presented in the next section.
B. Single Frequency Sampling Method with
UV-Cutoff
The sampling method we propose here allows us to
treat functions, V (x), which have a converging Fourier
Transform, V (k) with an ultraviolet cutoff. If the suf-
ficient conditions of the Fourier Transform are not sat-
isfied, it may not always be possible to interpret some
functions in their conjugate domain. In the case of the
TLS, the coupling coefficient V (k) is an analytic func-
tion in k-space, however, its Fourier component V (x) is
not. One way to deal with this problem is to linearize
the coupling coefficient V (k) around the region of inter-
est, e.g. the resonance of the atom in Ref. [15]. This
leads us to obtain resulting equations that are correct in
a region of convergence. However, this assumption, de-
spite being highly informative regarding the behaviour of
the system, may leave out some interesting properties, as
in the case where the radius of convergence is too small.
Here, we propose to abandon this assumption and use the
sampling method to obtain more precise solutions. As we
show below, this method also allows us to comment on
the convergence of the linearization.
We begin by focusing our attention to the solution of
Eq.s (5b) and (5c). The following derivation is of signif-
icance as it allows us to sample desired signal out of an
infinite source, which is the diverging scattering potential
V (x). We rewrite Eq. (5b) in the following form:
0 = −i~vg
∂uR(x)
∂x
e
ikx
+ ekV (x)
= −i~vg
∂uR(x)
∂x
+
1√
2pi
ek
∫ kmax
−kmax
dk
′
e
ik′x
V (k
′
)e
−ikx
= −i~vg
∫ ∞
−∞
dx
∂uR(x)
∂x
+
1√
2pi
ek
∫ ∞
−∞
dx
∫ kmax
−kmax
dk
′
e
ik′x
V (k
′
)e
−ikx
= −i~vg [uR(∞)− uR(−∞)] +
1√
2pi
ek
∫ kmax
−kmax
dk
′
V (k
′
)2piδ(k − k′)
= −i~vg(t− 1) +
√
2piekV (k)
where the term eikx “samples” the coupling coefficient
4FIG. 3: The reflection amplitudes for linearized and
non-linearized coupling coefficients V (k). ξ = 0.05.
between the two-level atom and a photon with wave vec-
tor k.3
After a similar sampling with e−ikx, we obtain the fol-
lowing set of equations:
t i~vg − i~vg = −2pi |V (k)|
2
(Ω− Ek)
(1 + r + t)
2
, (10a)
r i~vg = −2pi |V (k)|
2
(Ω− Ek)
(1 + r + t)
2
, (10b)
where we obtain a linear set of equations with two un-
known reflection and transmission coefficients, r and t,
respectively.
This illustrates an application of our approach where
we sample desired coupling coefficient, V (k), for a photon
with a wave-vector k, using multiplication with e±ikx and
integrating. The term e±ikx behaves like a signal carrier
between real (x−) and momentum (k−) phase spaces for
the point (x, k), where the integration over all real space
(x) carries the signal from the real space onto the mo-
mentum space. With this method, the divergence of the
real space representation of the signal becomes trivial,
since the signal carrier eikx samples only a portion of it,
V (k), which is convergent, which in turn justifies the us-
age of an ultraviolet cutoff. This methodology can be
used for various applications in signal processing involv-
ing dual-phase spaces such as frequency-time and space-
momentum.
3 Here, one concern is whether one can switch the order of in-
tegration on the third row during this sampling process. This
improper property is resolved with the introduction of the ultra-
violet cutoff kmax. If the energy is allowed to be up to some finite
energy scale, say Planck scale, then the order of the integration
can be changed without any concern.
III. FURTHER CHARACTERISTICS
In this section, we build on the theoretical foundations
laid out in the previous section and discuss the implica-
tions of our approach such as the scattering coefficients,
the S-matrix, spontaneous emission characterists and a
proof of concept using the dynamic electronic polariz-
ability with additional remarks on the conditions under
which the linearization assumption is valid.
A. Scattering Coefficients and S-Matrix
Once we solve the eigenvalue equation Hˆ |Ek〉 =
Ek |Ek〉 and implement the sampling method, we are left
with two linear equations which can be solved for two un-
knowns. After obtaining the transmission and reflection
coefficients, we construct the S-matrix for this system
including the non-radiative dissipation of the two-level
atom. This S-matrix then can be used for future scatter-
ing experiments regarding two-level atoms.
We begin by solving the Eq. (10) for transmission and
reflection coefficients, t and r respectively, using straight-
forward algebra:
t = cos beib, r = i sin beib. (11)
where the phase shift is given by b = arctan
(
ξEk
(Ω−Ek)
)
.
Here, we define the dimensionless coupling parameter:
ξ =
d2
60A~vg
, (12)
which can be obtained experimentally. The reflection
amplitude is given by:
R = |r|2 = |i sin beib|2 = ξ
2E2k
ξ2E2k + (Ω− Ek)2
. (13)
which is a modulated Lorentzian-like function, where
the difference between half-reflection energies is given
by ∆Ek/Ω =
2ξ
1−ξ2 The reflection amplitudes for lin-
earized and non-linearized coupling coefficients V (k) are
sketched in Fig. 2.
The transfer matrix for a two-level atom with two dif-
ferent optical medium at the optical boundary is defined
as: (
E
(+)
L
E
(−)
L
)
= S[2×2]
(
E
(+)
R
E
(−)
R
)
where E
(±)
L/R is the amplitude of electric field with pos-
itive/negative wave-vector on the left/right of the two
level atom. Using the aforementioned transmission and
reflection coefficients, the transfer matrix including dis-
sipation is given by:
5S
two-level system
2×2 =
1− iξ Ek(Ω−Ek) −iξ Ek(Ω−Ek)
+iξ
Ek
(Ω−Ek) 1 + iξ
Ek
(Ω−Ek)
 (14)
As can be seen from this transfer matrix, the coupling
between the two-level atom and the photon is different
for two energy levels equidistanced from resonance, where
the coupling is higher for the higher energy level. This
behaviour can be seen in Fig. 3, where the reflection
amplitude is modulated more significantly to the right
of the resonance. This property of the transmission and
reflection spectrum is a consequence of releasing the lin-
earization assumption.
B. Spontaneous Emission
The spontaneous emission dynamics of a two-level
atom inside a waveguide has been invastigated in Ref.
[16]. However, it is important to note that even small
changes in the decay rate can cause significant swings for
the predicted lifetime of the two-level atom. Thus, we
shall examine the decay rate of TLS, which is initially
prepared in the excited state:
|α〉 = |0,+〉 . (15)
One can project this state onto energy eigenstates
given in Eq. (3) and then find the probability that the
TLS remains in its excited state by taking into account
the time evolution of the eigenstates as [16]:
P (t) =
∣∣∣∣ 12pi
∫
dk|ek|2e−iEkt
∣∣∣∣2 . (16)
After straightforward algebra, we obtain the following
expression for the probability of the two-level atom to
remain in the excited state:
P (t) ' e−2
ξΩ
(1+ξ2)
t
. (17)
Comparing with the Ref. [16], one can see that the
spontaneous rate Γ = 2 ξΩ(1+ξ2) is decreased by ∼ 1ξ2+1
if the linearization assumption is omitted. This stems
from the fact that the non-linearized coupling coefficient
is lower for the light-TLS interactions with energies Ek <
Ω. Therefore it is harder for the atom to decay, since it’s
coupling with the continuum is decreased.
C. Proof of Concept: Dynamic Electronic
Polarizability a(w)
The dynamic electronic polarizability of a two-level
atom has been studied extensively in Ref. [19] using
Green’s function method, whereas the scattering from a
delta function shaped polarizability has been studied in
Ref. [18] using classical inhomogenous wave-equation. In
our treatment so far, we included the real space scatter-
ing potential V (x) as a function highly peaked at origin,
almost as a delta function. Thus, combining the defini-
tion of the polarization vector ~P with our quantum me-
chanical treatment, it is possible to obtain the electronic
polarizability a(w) for the two-level atom. We start by
citing the classical result obtained in Ref. [18]:
∂xE− − ∂xE+ = 1
0
k2ηα(w)E(x = 0). (18)
where η is the particle number per unit area, which is 1A
in our configuration.
It is possible to bring the Eq. (10) into the following
form, which then can be compared to the above equation:
ik (1− r − t) = 1
0
k2η
d¯2
(Ω− Ek)
(1 + r + t)
2
. (19)
Considering the similarity, we denote the relation be-
tween the electric field and the polarization vector by
P = ηα(w)δ(x)E and include the dissipation of the two-
level atom [23] to obtain the following dynamic electronic
polarizability:
α(w) =
d2
3
1
(Ω− Ek − iγ/2) (20)
where d¯2 = 13d
2 due to the averaging over all space [24].
In our configuration, this result lays an evidence for the
consistency of our method in classical and semi-classical
limits, as long as rotating-wave approximation is valid.
A more sophisticated discussion on this type of polariz-
ability can be found in Ref. [19].
D. Remarks on Linearizations
As a final remark, we emphasize the importance of the
real space Hamiltonian given in Eq. (1). Omitting the
linearization assumption in the coupling coefficient Vk
and solving the eigenvalue equation Hˆ |Ek〉 = Ek |Ek〉 re-
sults in the dynamic electronic polarizability α(w) in the
interaction picture. This connection between the Green’s
function method in Ref. [19] and the classical version of
the real space method in Ref. [18] is obtained quantum
mechanically through the real space version of Dicke–
Hamiltonian given in Eq. (1).
Also, it is shown that the linearization of Vk, up to
a multiplicative constant, does not pose any problem as
long as 1± ξ2 ' 1. This condition explains the success of
the current literature on predicting the transport prop-
erties of this scattering experiment.
Under the linearization assumption, we can represent
the spontaneous decay rate as Γ = 2ξΩ, whereas the
reflection and transmission amplitudes take the following
6form:
R = |r|2 = Γ
2
(Γ + γ)2 + 4(Ω− Ek)2 , (21a)
T = |t|2 = 4(Ω− Ek)
2 + γ2
(Γ + γ)2 + 4(Ω− Ek)2 . (21b)
where we can find that Tmin = γ
2/(Γ + γ)2 and Rmax =
Γ2/(Γ + γ)2. This result reveals that, in the resonance
region, the 2-D materials can behave as two-level sys-
tems as the experimental findings of Ref. [25] suggests.
We believe that our findings regarding TLS can explain
further experimental results as long as the specimen can
be approximated by a TLS and the coupling constant
ξ << 1 is small.
IV. CONCLUSIONS
In this paper, we propose a novel approach that allows
studying the interactions between the light and the TLS
without making common assumptions in literature when
the frequency w of incoming photon is smaller than the
cutoff frequency of the waveguide. In our approach, we
use the coupling coefficient Vk without linearization and
study the conditions under which this approximation is
valid. The sampling method we propose presents a novel
tool for further analyzing a diverging real space scatter-
ing potential, V (x), via a converging Fourier Transform,
V (k).
Our studies show that for the two-level atom system,
as long as the dimensionless coupling parameter ξ <<
1 is small enough, the delta-scattering potential V δ(x),
which is a consequence of the linearization, is a good
model to describe this interaction. In order to show that
the results obtained under our approach agrees with the
existing literature, we show that the dynamic electronic
polarizability a(w) is inline with the conventional atomic
polarizability for a TLS.
As a part of our future work, we plan to employ this
approach to study the transport properties of a linear
chain of atoms inside a waveguide. The assumption con-
cerning the linearization of the coupling coefficient for
a single atom remains valid for most or the transport
properties. However, for multi-atoms cases, where the
coupling plays a rather crucial role, the interaction be-
tween the light and atoms will require a more precise
coupling coefficient calculations which may lead to dif-
ferent interesting transport properties.
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